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Four fermion interactions appear in many models of Beyond Standard Model physics. In Tech-
nicolour and composite Higgs models Standard Model fermion masses can be generated by four
fermion terms. They are also expected to modify the dynamics of the new strongly interacting
sector. In particular in technicolour models it has been suggested that they can be used to break
infrared conformality and produce a walking theory with a large mass anomalous dimension.
We study the SU(2) gauge theory with 2 adjoint fermions and a chirally symmetric four fermion
term. We demonstrate chiral symmetry breaking at large four fermion coupling and study the
phase diagram of the model.
The 34th International Symposium on Lattice Field Theory
24-30 July 2016
University of Southampton, UK
∗Speaker.
c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/
Four Fermion Interactions with Wilson Fermions Jarno Rantaharju
1. Introduction
Recent studies show that apparently perturbative Higgs Yukawa models, similar to the Stan-
dard Model, can abide compositeness conditions [1, 2, 3, 4]. In a certain region of parameter space,
the high energy description of the model does not include a propagating Higgs like state. Instead,
the theory becomes a gauged NJL model [5].
Four fermion interactions are a natural part of both Technicolor [6, 7] and Composite Higgs
[8, 9] models. They appear as an effective description of a more complete theory of fermion mass
generation. The terms connecting the Higgs sector and the top quark are usually seen as being
produced by a high energy gauge or scalar interaction. A detailed example of both in which a
more fundamental theory consisting of only fermions generates such terms in a model unifying
both Technicolor and Composite Higgs has been described in [10].
A high energy interaction connecting the Standard Model and the Higgs sector will generate
three types of four fermion terms:
Leff =
a
Λ2UV
( ¯ΨSMΨSM)2 +
b
Λ2UV
¯ΨSMΨSM ¯ΨTCΨTC +
c
Λ2UV
( ¯ΨTCΨTC)2.
While the first term, involving only Standard Model fermions, is suppressed by the cut off scale
ΛUV , the other two terms may be enhanced by the dynamics of the technicolour sector. As was
suggested in [11], the fermion mass term can be enhanced dynamically in a model with walking
dynamics and a large mass anomalous dimension. This may be achieved in a natural way by having
the third, NJL type term induce chiral symmetry breaking in a model that is otherwise infrared
conformal [12, 13].
In previous work we have studied the NJL model in the absence of a gauge interaction [14, 15].
The results are in qualitative agreement with meanfield calculations and we are able to establish
chiral symmetry breaking above a critical four fermion coupling. In this work we focus on the
SU(2) gauge theory with 2 fermions in the adjoint representation. The model has been studied
extensively in the absence of a four fermion term and appears infrared conformal [16, 17, 18, 19,
20, 21, 22, 23]. We study the phase diagram of the model at a constant gauge coupling β = 2.25 and
find chiral symmetry breaking above a critical four fermion coupling g = 0.25. We study the order
of the transition and, below the critical coupling, the anomalous dimension using the hyperscaling
relation.
2. The Model
We study the SU(2) gauge theory with 2 fermions in the adjoint representation and a NJL type
four fermion interaction with a partially conserved chiral symmetry. The model is defined by the
action
S = βL ∑
x,µ<ν
Lx,µν(U)+∑
x,y
¯Ψ(x)DW (x,y)Ψ(y)+∑
x
m0 ¯Ψ(x)Ψ(x) (2.1)
−∑
x
a2g2
[
¯Ψ(x)Ψ(x) ¯Ψ(x)Ψ(x)+ ¯Ψ(x)iγ5λ aΨ(x) ¯Ψ(x)iγ5λ aΨ(x)
]
, (2.2)
2
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where Lx,µν(U) is the Wilson plaquette gauge action, DW and the Wilson Dirac operator and a is
the lattice spacing. In order to integrate out the fermion field, we rewrite the action using auxiliary
fields:
S = βL ∑
x,µ<ν
Lx,µν(U)+∑
x
¯Ψ(x) [DW +m0 +σ(x)+pi3(x)iγ5τ3]Ψ(x)+
σ(x)2 +pi3(x)2
4a2g2
. (2.3)
The original action is recovered by integrating over the auxiliary fields. It is now straightforward
to produce configurations of U , σ and pi3 using the HMC algorithm.
The four fermion interaction preserves a U(1) subgroup of the original SU(4) chiral flavour
symmetry group1. As result the pseudoscalar meson spectrum is split into a single diagonal state
and four degenerate non-diagonal states. When the chiral symmetry is broken, the diagonal state
becomes a massless pseudo Nambu-Goldstone boson, while the non-diagonal states gain a mass
from the condensate. The axial current is only conserved in the diagonal direction.
The mechanism for the breaking of the non-diagonal axial current is interesting and useful for
determining the chiral condensate. We can gain insight into the chiral symmetry by writing down
the PCAC relation for different flavour components:
∂µ
〈
AI,dµ (x)O
〉
= 2m¯
〈
Pd(x)O
〉
−a2g¯2
(
δ d,1 +δ d,2
)〈
S0(x)Pd(x)O
〉
. (2.4)
For convenience we have already absorbed all order 1 and order a terms into a renormalized axial
current [24]. Thus
AI,dµ (x) = ZA ¯Ψ(x)γµ γ5τdΨ(x)+ cA∂µPd(x), (2.5)
Pd(x) = ¯Ψ(x)γ5τdΨ(x) and S0(x) = ¯Ψ(x)Ψ(x), (2.6)
where τd are Pauli matrices in the flavour space2. In this study we neglect any correction arising
at order a or higher, including cA. Chiral symmetry is naturally restored when m¯ = 0 and thus
∂µ
〈
AI,3µ
〉
= 0.
The variation of the four fermion term is nonzero when d = 1 or 2. This is naturally the
source of the symmetry breaking, but it is an order a2 term. If chiral symmetry is broken and the
dimensionless quantity a3 ¯Ψ(x)Ψ(x) has a nonzero expectation value
ΣL =
a3
V ∑x
〈
¯Ψ(x)Ψ(x)
〉
6= 0, (2.7)
we can rewrite the term as using a subtracted scalar density S0S(x) = S0(x)−ΣL/a3:
1
a
g¯2ΣL
(
δ d,1 +δ d,2
)〈
Pd(x)O
〉
+a2g¯2
(
δ d,1 +δ d,2
)〈
S0S(x)Pd(x)O
〉
. (2.8)
The additional mass like term explains how the axial current can remain broken in the non-diagonal
directions even when m¯ = 0. The combination g¯2ΣL does not receive additive renormalization and
is only nonzero if the chiral symmetry is broken. It is useful as an order parameter for chiral
symmetry breaking.
1It is possible to build a four fermion term that preserves a SU(2)×SU(2) subgroup, but in this case the auxiliary
field representation does not produce a positive fermion determinant. Consequently the HMC algorithm cannot be used
to generate configuration.
2Only the three axial flavour transformations produce currents of this form. A similar argument holds for the
remaining 2 directions.
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Figure 1: Scans of the phase space at g = 0.1,0.2 and 0.3 from left to right respectively. In the lower plot
depicting the vector meson mass, the red points are measured with the lattice size V = 243×64 and the blue
points with V = 183 × 36. All other measurements done are with V = 164. At g = 0.1 and 0.2 we find a
critical point where the vector meson mass mρ approaches zero. There is no visible change in 〈pi〉 at the
critical line, but the behaviour of 〈σ〉 and the plaquette do change. At g = 0.3 the vector meson mass never
reaches zero. The pseudoscalar density 〈pi〉 acquires an expectation value, indicating a critical point. The
nonzero vector meson mass indicates chiral symmetry breaking.
3. The Phase Diagram
We study the phase diagram with a constant gauge coupling β = 2.25. As in the ungauged
model, we expect the chiral symmetry to be broken at a large enough value coupling g. In the
ladder approximation [13] the critical coupling is
gc =
1
2

1+
√
1−
λ
λc

g∗,
where g∗ is the critical coupling at zero gauge coupling. We can therefore expect a smaller critical
coupling than the pure NJL results, g ≈ 0.45.
In order to find the expected phase transitions we measure the expectation values of the auxil-
iary fields,
〈σ〉=
1
V
〈
∑
x
σ(x)
〉
=−
2a2g2
V
〈
∑
x
¯Ψ(x)Ψ(x)
〉
〈pi〉=
1
V
〈
∑
x
pi3(x)
〉
=−
2a2g2
V
〈
∑
x
¯Ψ(x)iγ5τ3Ψ(x)
〉
,
the plaquette expectation value and the mass of the diagonal vector meson mρ . The results are
shown in figure 1 with three four fermion couplings, g = 0.1,0.2 and 0.3. They are qualitatively
similar to the pure NJL case [15]. In the unbroken, infrared conformal phase we expect to find
a primary critical line where all masses approach zero. At g = 0.1 and 0.2 we find a critical line
where mρ approaches zero and the behaviour of the other measurables change. At g = 0.2 we also
see a secondary critical line on the negative mass side, where 〈pi〉 becomes nonzero. At g = 0.3,
〈pi〉 becomes nonzero at the primary critical line and mρ remains nonzero. The transition appears
4
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Figure 2: From left to right: Scaling fits to the susceptibility χpi =
〈
pi2
〉
−〈pi〉2 and the expectation value
〈pi〉 with β = 2.25 and γ = 0.3a. The critical mc(g) line in the chirally broken phase and the order parameter
g¯2ΣL in the chirally broken phase.
to be second order implying a divergence in the correlation length of the diagonal pseudoscalar
density and therefore zero mass for the diagonal pseudoscalar meson. The nonzero vector meson
mass indicates chiral symmetry breaking.
To verify the latter point we measure the susceptibility of χpi =
〈
pi2
〉
−〈pi〉2, shown in the first
panel of figure 2. There is indeed a peak in the susceptibility at the critical line. In addition, we
show a scaling fit to
〈pi〉=C (mc−m0)β (3.1)
in the second panel of figure 2 and find β = 0.525(8) with a χ2/d.o. f . = 0.67. This is compatible
with a second order transition in the meanfield universality class.
We then proceed to determine the order of the chiral symmetry breaking transition by studying
the order parameter g¯2ΣL along the critical line. This requires finding the critical point mc(g) with
multiple values of g by fitting to the scaling relation 3.1. The third panel of 2 shows the resulting
values of mc(g) with a second order fit in 1/g. We then measure g¯2ΣL at several values of the
coupling along the critical line and fit to the scaling relation
g¯2ΣL =Cg (g−gc)βg . (3.2)
Here we find a χ2/d.o. f of 1.16 and βg = 0.909(7), gc = 0.2633(2) and Cg = 3.536(4). The fit is
shown in the fourth panel of figure 2.
4. The Anomalous Dimension
One of the main motivations for studying the model is that the four fermion interaction is
expected to increase the mass anomalous dimension along the infrared fixed line of the chirally
symmetric phase. In order to verify the expectation and to quantify the effect we measure the
anomalous dimension at g = 0.1 and g = 0.2 using the hyperscaling relation.
At a nonzero mass in the vicinity of a conformal critical point all masses scale with the quark
mass with the same scaling exponent,
LmX = f (x) = aX x+ cX
x = |m0−mc|
1
1+γm .
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Figure 3: The conformal hyperscaling fit to the non-diagonal pseudoscalar and vector meson masses at
g = 0.1 and g = 0.2 respectively. The points with filled symbols are included in the fit. The vector mass is
shifted to the left
We measure the diagonal pseudoscalar and vector masses with several lattice sizes and bare masses.
The fits are shown in figure 3. At g = 0.1 we find the best fit is mc =−1.357(1) and γm = 0.54(6)
with a χ2/d.o. f . = 0.6. However the fit is not robust and by varying the fit range we find 0.4 <
γm < 0.6. At g = 0.2 the best fit is mc = −1.8276(5) and γm = 0.89(3) with a χ2/d.o. f . = 0.9.
Varying the fit range yields 0.6 < γm < 0.9. Both results are larger than the values measured in the
absence of a four fermion term, γm ∼ 0.3−0.4 [17, 18, 21, 23].
5. Conclusions
We report a preliminary study of the SU(2) gauge model with 2 fermions in the adjoint rep-
resentation and a NJL type four fermion interaction. The model is an approximate realization of
a walking technicolour model in which infrared conformality is broken by a four fermion interac-
tion. Such models are expected produce a large mass anomalous dimension together with a slowly
running coupling.
We study the phase diagram and the mass anomalous dimension in the infrared conformal
phase. The anomalous dimension is measured with a single gauge coupling β = 2.25 and further-
more the phase diagram is studied only at the lattice size L = 16. Nevertheless our results confirm
the qualitative predictions obtained using the ladder approximation [13] and mean field theory.
Chiral symmetry is spontaneously broken above a critical four fermion coupling. We are able
to measure the order parameter of chiral symmetry breaking g¯2ΣL accurately and find a result con-
sistent with a second order transition. We measure the mass anomalous dimension at two values of
the coupling in the infrared conformal phase. The systematic errors are large, but the measurement
seems consistent with expectations. The anomalous dimension increases with g along the critical
line.
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